A double Roman Dominating function on a graph G is a function f : V → {0, 1, 2, 3} such that the following conditions hold. If f (v) = 0, then vertex v must have at least two neighbors in V 2 or one neighbor in V 3 and if f (v) = 1, then vertex v must have at least one neighbor in V 2 V 3 . The weight of a double Roman dominating function is the sum w f = v∈V (G) f (v). In this paper, we improve the upper bounds of γ dR (G) that has already obtained and we show that γ dR (G) ≤ 12n 11 , for any graph with δ(G) ≥ 2. This bound improve the bounds that have already been presented in [5] and [11] . Finally we prove the conjecture posed in [11] .
Each vertex in pn[v, S] is called a private neighbor of v. By ∆ = ∆(G) and δ = δ(G), we denote the maximum degree and minimum degree of a graph G, respectively. We write K n , P n and C n for the complete graph, path and cycle of order n, respectively. A tree T is an acyclic connected graph.
A set S ⊆ V in a graph G is called a dominating set if N [S] = V . The domination number γ(G) of G is the minimum cardinality of a dominating set in G, and a dominating set of G of cardinality γ(G) is called a γ-set of G. A subset S ⊆ V is a k-dominating set if every vertex of V − S has at least k neighbors in S. The k-domination number γ k (G) is the minimum cardinality of a k-dominating set of G (see [7] ). with no component isomorphic to C 5 or C 7 . Then γ dR (G) ≤ 11n 10 .
Proposition E( [5] ). Let G be a simple graph of order n ≥ 5, δ(G) ≥ 2 and with no component isomorphic to C 5 . Then γ dR (G) ≤ ⌊ 13n 11 ⌋.
In this paper, we improve the upper bounds of γ dR (G) that have already been presented in Propositions 1 and 1 by showing that γ dR (G) ≤ 12n 11 , for any graph with δ(G) ≥ 2. Finally we prove the conjecture posed in [11] .
Main results
Before presenting the proof of main result, we give some lemmas that are useful for investigation. For integers m and k where m ≥ 3 and k ≥ 1, let C m,k be the graph obtained from a cycle C m : x 1 x 2 · · · x m x 1 and a path y 1 y 2 · · · y k by adding the edge x 1 y 1 . Let H be the family of all connected graphs G with δ(G) ≥ 2 and γ dR (G) ≤ 12n 11 . Let Q be a graph obtained from two cycles C 5 and C ′ 5 , by joining a vertex of C 5 to exactly one vertex of C ′ 5 . Let G Q be a graph obtained from G by adding |V (G)| copies Q 1 , · · · , Q |V (G)| of Q, where the vertex of degree three in Q i is identified with the ith vertex of G and G = {G Q |G is a graph}. Proof. Since C m,k has a Hamiltonian path, then γ dR (C m,k ) ≤ γ dR (P m+k ) ≤ m + k + 1. Now, if m+k ≥ 12, then m+k+1 < 12(m+k) 11 and the result is valid. If m+k = 11, then m+k+1 = 12(m+k) 11 and the result holds. Finally, if m + k ≤ 10, then by a simple calculation we can see that γ dR (C m,k ) ≤ m + k < 12(m+k)
11
. For equality, by the proof we deduce, if γ dR (C m,k ) 12(m+k)
, then it must be m + k = 11. In this case γ dR (C m,k ) = 12. This equality holds if and only if m = 5 and k = 6. This completes the proof. Lemma 2. If S = Q is a graph obtained from graphs C m 1 ,k 1 , · · · , C mt,kt and cycles C 1 , · · · , C r , C ′ 1 , · · · , C ′ s where r + s + t ≥ 2, by adding a new vertex z and joining z to the leaves of C m 1 ,k 1 , · · · , C mt,kt , to exactly one vertex of each C i for 1 ≤ i ≤ r and identifying z with one vertex of each
1 · · · y i k i is a path, and x i 1 y i 1 is the edge of C m i ,k i joining the cycle and the path, for each 6, 7, 8, 9, 10} , then by a simple calculation we can see that γ dR (S) < 12n(S) 11 . Let n(S) ≥ 11. Let T be a tree obtained from S by deleting the edges
If r +s+t = 2, then γ dR (S) ≤ 12n(S) 11 and if r +s+t ≥ 3, then the result follows from Proposition C. Lemma 3. Let H ∈ H and u ∈ V (H). If G is a graph obtained from H and C m,k for some integers m ≥ 3 and k ≥ 1 other than m = 5 and k = 2, 3, 5, m = 7 and k = 3, by adding the edge uy k , then γ dR (G) ≤ 12n(G) 11 . Proof. Let f be a γ dR (H)-function and g be a γ dR (C m,k )-function. Then the function h defined by 11 . Lemma 4. Let H ∈ H and u ∈ V (H). If G is a graph obtained from H and a cycle C m = x 1 , · · · , x m x 1 with m / ∈ {5, 7}, by adding the edge ux 1 , then γ dR (G) ≤ 12n(G) 11 . Proof. Let f be a γ dR (H)-function and let g be a γ dR (C m )-function. Then the function h defined by
If m ≥ 11, then Proposition D and H ∈ H imply that
as desired.
Lemma 5. Let H ∈ H and u ∈ V (H). If G is a graph obtained from H and a cycle C 5 and C 5,k such that V (C 5 ) = {z 1 , · · · , z 5 }, V (C 5,k ) = {x 1 , · · · , x 5 , y 1 , · · · , y k } where k ≥ 1, x 1 is adjacent to y 1 and joining x 1 to exactly one vertex of C 5 and joining u to y k , then γ dR (G) ≤ 12n(G) 11 . Proof. Let f be a γ dR (H)-function and let g be a γ dR (G − H)-function. Then the function h defined by h(x) = f (x) for x ∈ V (H) and h(x) = g(x) otherwise, is a DRDF of G. Now by a simple calculation we see that ω(g) ≤ 12(n(G)−n(H))
. Also, since H ∈ H we obtain
Let F 1 be the family of all connected multigraphs without loops and with minimum degree at least 3. Assume that F is the family of all graphs obtained from some graph in F 1 by subdividing any edge at least once and at most seven except ten times. Note that any graph in F has order at least 5. Suppose that A denotes the set of vertices of degree at least 3 in G, and let B = V (G)−A. A path P of G is called maximal if V (P ) ⊆ B and each end-vertex of P is adjacent to a vertex of A. For each i ≥ 1, let P i = {P | P is a maximal path with |V (P )| = i }. Let P = ∪ i 1 P i . Note that A ∪ P ∈P V (P ) is a partition of V (G). For P ∈ P, let X P = {u ∈ A| u is adjacent to an end-vertex of P }. Then A = ∪ P ∈P X P and since G is obtained from some multigraph without loops in F 1 by subdividing all of its edges at least once, we have |X P | = 2 for each P ∈ P. Hence |A| ≥ 2. Lemma 6. Let G ∈ F and u be a vertex in A such that deg(u) = max{deg(x)| x ∈ A}. Let P 1 , P 2 ∈ P 4 , and the end vertices of P 1 , P 2 have no common vertex except in u and deg(u) = 3. Then there exists a double Roman dominating function f of G such that ω(f ) ≤ 12n 11 and f assigns a positive value to every vertex of degree at least 3.
Proof. Let G ∈ F be a graph of order n. The proof is given by induction on n. The result is immediate for n ≤ 6. Suppose n ≥ 7 and let the result hold for all graphs in F of order less then n. Let G ∈ F be a graph of order n ≥ 7. First let P 3 ∪ P 5 ∪ P 7 ∪ P 9 = 0. Suppose P =
By the induction hypothesis, there exists a double Roman dominating function f of G ′ such that a 1 , a 2 ∈ V 2 ∪ V 3 , and ω(f ) ≤ 12n ′ 11 . It follows that f (x k ′ +1 ) = 0. Then the function g, defined by g(x 2t ) = 2, g(x 2t+1 ) = 0 where t ∈ {0, 1, 2, 3, 4} and g(x) = f (x) otherwise, is a DRDF of G such that g assigns a positive value to every vertex of degree at least 3, and
Assume now that P = P 1 ∪P 2k where k ∈ {1, 2, 3, 4, 5}. Note that n = |A|+m 1 +2m 2 +4m 4 + 6m 6 +8m 8 +10m 10 and m 1 +m 2 +m 4 +m 6 +m 8 +m 10 ≥ 3 where m t = |P t | for t ∈ {1, 2, 4, 6, 8, 10}. If |A| = 2, then let 10 , and g(x) = 0 otherwise. Clearly, g is a DRDF of G such that g assigns a positive value to every vertex of degree at least 3, and ω(g) ≤ 3|A| + 3m 4 + 5m 6 + 6m 8 + 9m 10 ≤ 12n 11 .
Henceforth, we assume |A| ≥ 3. We consider the following cases. Case 1. u is adjacent to two maximal paths P 1 ∈ P 2 and P 2 ∈ P 4 . Let P 1 = x 1 x 2 and P 2 = y 1 y 2 y 3 y 4 and let {ux 1 , uy 1 , a 1 x 2 , a 2 y 4 } ⊆ E(G) where a, b ∈ A. Assume that G ′ is the graph obtained from G by removing the vertices u, y 1 , y 2 and joining y 3 to each vertex z ∈ N G (u) − {y 1 }. Clearly, G ′ ∈ F. By the induction hypothesis, there exists a double Roman dominating function f of G ′ such that f assigns a positive value to every vertex of degree at least 3, and ω(f ) ≤ 12(n−3)
. In particular, f (y 3 ) ≥ 2 and f (a 1 ) ≥ 2. To double Roman dominate the vertices
Without loss of generality, we may assume that f (y 3 ) = f (a 1 ) = 3. Define the function g by g(u) = 3, g(y 1 ) = g(y 2 ) = 0 and g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that g assigns a positive value to every vertex of degree at least 3,
Case 2. u is adjacent to two paths p 1 , p 2 ∈ P 2 . Let P 1 = x 1 x 2 and P 2 = y 1 y 2 be two maximal paths in P 2 and let {ux 1 , uy 1 , ax 2 , by 2 
Assume that G ′ is the graph obtained from G by removing the vertices x 1 , u, y 1 and joining x 2 to y 2 and joining every vertex x in N (u) − {x 1 , y 1 } to either a or b provided a or b is not adjacent to the end-vertex of the maximal path containing x. Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that f assigns a positive value to every vertex of degree at least 3, and ω(f ) ≤ (n − 3) + 1. We may assume that f (a) = f (b) = 3. Define the function g by g(u) = 3, g(x 1 ) = g(y 1 ) = 0 and g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that g assigns a positive value to every vertex of degree at least 3, and
Now let a = b. Suppose G ′ is the graph obtained from G − x 2 by adding the edge x 1 a. Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that f assigns a positive value to every vertex of degree at least 3, and ω(f ) ≤ 12(n−1)
. We may assume that f (a) = f (b) = 3. Then the function g defined by g(x 2 ) = 0 and g(x) = f (x) otherwise, is a DRDF of G such that g assigns a positive value to every vertex of degree at least 3, and
. Define the function g by g(x 2k−1 ) = 2 and g(x 2k ) = 0 and g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that g assigns a positive value to every vertex of degree at least 3, and
Case 4. u is adjacent to two paths P 1 , P 2 ∈ P 4 . Considering Case 1, we may assume that u is not adjacent to any maximal path in P 2 . Let P 1 = x 1 x 2 x 3 x 4 and P 2 = y 1 y 2 y 3 y 4 and let {ux 1 , uy 1 , ax 4 , by 4 
Considering the following subcases.
Subcase 4.1. a = b, deg(u) = 3. Assume that G ′ is the graph obtained by removing the vertices y 1 , y 2 , y 3 and joining x 3 to u. By the induction hypothesis, there exists a double Roman dominating function f of G ′ such that f assigns a positive value to every vertex of degree at least 3, and ω(f ) ≤ 12(n−3)
.
If we assume that f (
Clearly, g is a DRDF of G such that g assigns that positive value to every vertex of degree at least 3, and
Define the function g by g(y 2 ) = 3, g(y 1 ) = g(y 3 ) = 0 and g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that g assigns a positive value to every vertex of degree at least 3, and
Assume that G ′ is the graph obtained by removing the vertices y 1 , y 2 , y 3 and joining x 3 to y 4 . By the induction hypothesis, there exists a double Roman dominating function f of G ′ such that f assigns a positive value to every vertex of degree at least 3, and ω(f ) ≤ 12(n−3)
. Without loss of generality, we may assume that f (x 3 ) = f (u) = 3. Define the function g by g(y 3 ) = 3, g(y 1 ) = g(y 2 ) = 0 and g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that g assigns that a positive value to every vertex of degree at least 3, and
Case 5. u is adjacent to a path P 1 ∈ P 4 and to two paths P 2 , P 3 ∈ P 1 . Let
where a ∈ A. By Case 1,2,3 and 4, we may assume that the other neighbors of u belong to maximal paths in P 1 . Assume that G ′ is the graph obtained from G − {u, x 1 } by joining x 2 to every vertex in N (u) − {x 1 }. By the induction hypothesis, there exists a double Roman dominating function f of G ′ such that f assigns a positive value to every vertex of degree at least 3, and ω(f ) ≤ 12(n−2)
. Define the function g by g(u) = 2, g(x 1 ) = 0 and g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that g assigns that positive value to every vertex of degree at least 3, and ω(g) = ω(f ) + 2 ≤ 12(n − 2) 11 + 2 < 12n 11 .
Considering the above cases, we assume that P = P 1 ∪ P 2 and that each vertex in A is adjacent to at most one maximal path in P 2 . Since deg(a) ≥ 3 for each a ∈ A, we deduce that each vertex in A is adjacent to at least two maximal paths in P 1 . Counting the edges between A and ∪ P ∈P 1 V (P ) implies that |A| ≤ m 1 . Let A ′ = {u ∈ A| u is adjacent to an end-vertex of a maximal path in P 2 } and A ′′ = A − A ′ . Counting the edges between A ′ and ∪ P ∈P 2 V (P ) yields |A ′ | ≤ 2m 2 . Define the function g by g(x) = 3 for x ∈ A ′ , g(x) = 2 for x ∈ A ′′ and g(x) = 0 otherwise. It is to see that g is a DRDF of G that assigns a positive value to every vertex of degree at least 3
This completes the proof. Proof. Let G ∈ F be a graph of order n. The proof is given by induction on n. The result is immediate for n ≤ 6. Suppose n ≥ 7 and let the result hold for all graphs in F of order less then n.
Let G ∈ F be a graph of order n ≥ 7. By Lemma 6, we assume that u is adjacent to P 1 , P 2 ∈ P 4 , deg(u) = 3, P 1 , P 2 are not adjacent except on u. Now, First suppose that u is adjacent to three maximal paths P 1 , P 2 , P 3 ∈ P 4 such that P 1 = x 1 x 2 x 3 x 4 , P 2 = y 1 y 2 y 3 y 4 , P 3 = z 1 z 2 z 3 z 4 . Assume that G ′ is the graph obtained by removing the vertices x 4 , x 3 , x 2 , x 1 , u, y 4 , y 3 , y 2 , y 1 , z 4 , z 3 , z 2 , z 1 .
It is easy to see that G ′ ∈ F. By the induction hypothesis and Lemma 6, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12n−13 11 . Define the function g by g(u) = g(x 3 ) = g(y 3 ) = g(z 3 ) = 3, g(x 1 ) = g(y 1 ) = g(z 1 ) = g(x 2 ) = g(y 2 ) = g(z 2 ) = g(x 4 ) = g(y 4 ) = g(z 4 ) = 0 and g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that
Henceforth, we may assume that each vertex in N (u) − {x 1 , y 1 } belongs to a in maximal path in P 1 . Let there exists a path
There are two cases. Case 1. Let P 3 is not adjacent to P 1 , P 2 except in u. Assume that G ′ is the graph obtained by removing the vertices x 4 , x 3 , x 2 , x 1 , u, z, y 1 , y 2 , y 3 , y 3 . Clearly, G ′ ∈ F. By the induction hypothesis and Lemma 6 there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12(n−10)
. Define the function g by g(u) = g(x 3 ) = g(y 3 ) = 3, g(y 1 ) = g(y 2 ) = g(y 4 ) = g(x 1 ) = g(x 2 ) = g(x 4 ) = g(z) = 0 and g(x) = f (x) otherwise. Clearly, g is a DRDF of such that This completes the proof.
Let E be the family of simple graphs G with order n ≥ 5, minimum degree δ(G) ≥ 2 and with no component isomorphic to C 5 or C 7 and G has no an induced subgraph Q or G = S = Q or G has an induced subgraph H, a maximal path P ′ = a 1 , · · · , a n such that a 1 is adjacent to exactly one vertex of degree three in Q and a n is adjacent to a vertex of H. Proof. We prove the result by induction on n. If n = 5 or n = 6 and ∆ = 3, then the result holds from Proposition B or D. If n = 6 and ∆ = 3, then it is easy to check that γ dR (G) ≤ n < 12n 11 . Suppose n ≥ 7 and the result holds for all graph G ∈ E of order less then n. Let G ∈ E be a graph of order n ≥ 7. Since γ dR (G) ≤ γ dR (G − e) for every e ∈ E(G), we may assume that |E(G)| is as small as possible. If G is disconnected and G 1 , · · · , G t are the components of G, then it follows from the induction hypothesis that γ dR (G i ) ≤ 12|V (G i )| 11 for each i and so
Thus, we can assume that G is connected. If ∆(G) = 2, then G is a path or cycle and the result holds. Assume that ∆
If there are two adjacent vertices x, y ∈ A, then we deduce from the choice of G, that G − xy is disconnected and that at least one of the components of G − xy is isomorphic to C 5 or C 7 . min{deg(x), deg(y)} = 3. Note that A = P ∈P X P and so A ∪ P ∈P V (P ) is a partition of V (G) where 1 ≤ |X P | ≤ 2 for every P ∈ P. By Lemma 6 and lemma 7, we may assume that there exists a maximal path P such that δ(G − V (P )) ≤ 1. This implies that |X P | = 1 and since G is simple we have |V (P )| ≥ 2. Suppose that X P = {a}, P = x 1 · · · x r and N G (a) − V (P ) = {b}. Then there exists the unique maximal path P ′ = y 1 · · · y t such that y t = b or b ∈ A. Assume that y 1 is adjacent to u where u ∈ A. For completing the proof there are some cases. Case 1. |V (P )| = 4, b ∈ A and b is adjacent to a maximal path P l where |V (P l )| = n ′′ ≡ 0(mod 3) for some l. Assume that l = 1. Let G ′ be the graph obtained by removing the vertices V (P 1 ). Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12n ′ 11 . Let g be a γ dR (P 1 )-function. Then the function h defined by
Case 2. |V (P )| = 4, b ∈ A and b is adjacent to two maximal paths P 1 = z 1 · · · z k ,
Consider the following subcases. Subcase 2.1. |V (P 1 )| ≡ 1(mod 6), |V (P 2 )| ≡ 2(mod 6) or |V (P 1 )| ≡ 4(mod 6), |V (P 2 )| ≡ 5(mod 6). Subcase 2.1.1. Assume that |V (P 1 )| = 1 and |V (P 2 )| = 2. Let G ′ be the graph obtained by removing the vertices z ′ 1 , z ′ 2 . Then by the induction hypothesis, there exists a double Roman 
11 . If f (b) = f (c) = 0, then we may assume, without loos of generality, that f (
Subcase 2.1.2. Assume that |V (P 1 )| = 1 or |V (P 2 )| = 2. Let G ′ be the graph obtained by removing the vertices z 1 , · · · , z k−1 , z ′ 1 , · · · , z ′ k ′ −1 , a, x 1 , .., x 4 and joining z k to z ′ k ′ and joining every vertex x in N (b) − {z 1 , z ′ 1 } to c. Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12n ′ 11 . We may assume, without loos of generality, that f (c) = 3. Then the function g defined by g(x) = f (x) for x ∈ V (G ′ ), g(z i ) = g(z ′ j ) = 0 when i, j ≡ 1, 2(mod 3) and g(b) = g(z i ) = g(z ′ j ) = 3 when i, j ≡ 0(mod 3), g(a) = g(x 2 ) = g(x 4 ) = 0, g(x 2 ) = 2, g(x 3 ) = 3, is a DRDF of G such that
For the following subcases, assume that G ′ is the graph obtained by removing the vertices z 1 , · · · , z k , z ′ 1 , · · · , z ′ k ′ , b, and joining c to every vertex x in N (b) − {z 1 , z ′ 1 }. Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12n ′ 11 . Subcase 2.2. |V (P 1 )| ≡ 2, 4(mod6), |V (P 2 )| ≡ 2, 4(mod6) or |V (P 1 )| ≡ 1(mod 6), |V (P 2 )| ≡ 5(mod 6).
, then define the function g by g(z i ) = g(z ′ j ) = 0 when i, j ≡ 1(mod 2), g(b) = g(c) = g(z i ) = g(z ′ j ) = 2 when i, j ≡ 0(mod 2), g(a) = g(x 1 ) = g(x 3 ) = 0, g(x 2 ) = 3, g(x 4 ) = 2, g(x) = f (x) otherwise. If f (c) ∈ V 2 ∪ V 3 , then define the function g by g(z i ) = g(z ′ j ) = 0 when i, j ≡ 1, 2(mod 3), g(b) = g(c) = g(z i ) = g(z ′ j ) = 3 when i, j ≡ 0(mod 3), g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that ω(g) = ω(f ) + 12(n − n ′ ) 11 ≤ 12(n ′ ) 11 + 12(n − n ′ ) 11 ≤ 12n 11 .
Case 3. The vertex b is adjacent to maximal paths P i = z i 1 , · · · , z i j where i ≥ 2, j ≥ 1 and P i s have no common vertex except in b. Assume that the end vertices of P i s are adjacent to u i s, respectively. Consider some subcases as follows.
1 , · · · , x i m i , y i 1 , · · · , y i k i } and b be adjacent to y i k i or there exist cycles C 1 , · · · , C r where b be adjacent to exactly one vertex of C j that 1 ≤ j ≤ r. Then by Lemma 2, we assume that G − {C 1 , · · · , C r , C m 1 ,k 1 , · · · , C mt,kt , a, b, x 1 , · · · , x 4 } = ∅. Let that G ′ is the graph obtained by removing the vertices {C 1 , · · · , C r , C m 1 ,k 1 , · · · , C mt,kt , a, b, x 1 , · · · , x 4 }, V (P i )s. Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 
Subcase 3.2. Let | ∪ i V (P i )| + 6 ≥ 11 or ever |V (P i )| = 1. Then assume that G ′ is the graph obtained by removing the G ′′ = G[ i V (P i ) ∪ {a, x 1 , · · · , x 4 }]. Let f be a γ dR (G ′ )-function g be a γ dR (G ′′ )-function. Then the function h defined by h(x) = f (x) for x ∈ V (G ′ ) and h(x) = g(x) otherwise, is a DRDF of G. The induction hypothesis and Proposition E imply that
Subcase 3.3. | ∪ i V (P i )| + 6 < 11, u 1 is adjacent to two maximal paths P ′ 1 , P ′ 2 and the end vertices P ′ 1 , P ′ 2 are adjacent to w where w ∈ A. By a similar argument, using in Case 2, we can see that
Subcase 3.4. | ∪ i V (P i )| + 6 < 11, u 1 is adjacent to maximal paths P ′ j where j > 1 and P ′ j s have no common vertex except in u 1 . Assume that G ′ is the graph obtained by removing the vertices V (P ′ j )s,V (P i )s,a, b, x 1 , · · · , x 4 , special pendant subgraphs attached at u 1 . Let f be a γ dR (G ′ )-function, g be a γ dR (G − G ′ )function. Then the function h defined by h(x) = f (x) for x ∈ V (G ′ ) and h(x) = g(x) otherwise, is a DRDF of G. The induction hypothesis and Proposition E imply that If we assume f (u) = f (x 3 ) = 3, f (x 1 ) = f (x 2 ) = f (x 4 ) = 0. Define the function g by g(a) = 3, g(y 1 ) = g(y 2 ) = 0, g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that
Case 5. |V (P )| = 4, |V (P ′ )| = 3. Let G ′ is the graph obtained by removing the vertices y 2 , y 3 , a and joining y 1 to x 1 , x k . Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12n ′ 11 . If we assume that f (y 1 ) = f (x 2 ) = f (x 4 ) = 0, f (x 1 ) = 2, f (x 3 ) = 3. Define the function g by g(a) = 3, g(y 3 ) = g(x 1 ) = 0, g(y 2 ) = 2, g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that
If we assume f (y 1 ) = f (x 3 ) = 3, f (x 1 ) = f (x 2 ) = f (x 4 ) = 0. Define the function g by g(a) = 3, g(y 3 ) = g(y 2 ) = 0, g(x) = f (x) otherwise. Clearly, g is a DRDF of G such that
Case 6. |V (P )| = 4, |V (P ′ )| = 5. Let G ′ is the graph obtained by removing the vertices y 4 , y 5 , a and joining y 3 to x 1 , x 4 . Then and by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12n ′ 11 . If we assume that f (y 3 ) = f (x 2 ) = f (x 4 ) = 0, f (x 1 ) = 2, f (x 3 ) = 3. Define the function g by g(a) = 3, g(y 4 ) = 2, g(y 5 ) = g(x 1 ) = 0,
If we assume f (
Case 7. |V (P )| = 6. Assume that G ′ is the graph obtained from G by removing the vertices x 1 , x 2 and joining a to x 3 . Clearly, by the induction hypothesis, there exists a double Roman
We may assume that f (a) = f (x 4 ) = f (x 6 ) = 0, f (x 3 ) = 2, f (x 5 ) = 3. Then the function g defined by g(x 2 ) = 0, g(x 1 ) = 2, g(x) = f (x) otherwise, is a DRDF of G such that
According to the pervious Claims and Lemma 6, Lemma 7, we may assume that G has an induced H with u ∈ V (H) such that G be a graph obtained from H and a cycle C m = x 1 , · · · , x m x 1 , by identifying vertices u and x 1 . Let z denote the vertex resulting by identifying u and x 1 . Then there exists three following case. Subcase 7.2. If m ∈ {3, 6, 8, 9, 11}. Let z is adjacent to maximal path P r = x 1 · · · x r . Then by the induction hypothesis we have γ dR (G − V (P r )) ≤ 12(n−r) 11 , ever γ dR (G − V (P r ))-function f (we assume that f (z) ∈ V 2 ∪ V 3 ) can be extended to a DRDF of G of weight at ω(f ) + r(by assigning a 2 to x 2i for 0 ≤ i ≤ r 2 and a 0 to other vertices of P r when r ≡ 0(mod2), by assigning a 2 to x 2i for 1 ≤ i ≤ r−2 2 and 3 to x r−1 and a 0 to other vertices of P r when r ≡ 1(mod2), by assigning 0 to
1 , · · · , x i m i , y i 1 , · · · , y i k i } and z be adjacent to y i k i or there exists cycles C 1 , · · · , C r where z be adjacent to exactly one vertex of C j that 1 ≤ j ≤ r. By Lemma 2, we may assume that G − {C 1 , · · · , C r , C m 1 ,k 1 , · · · , C mt,kt , a, b, x 1 , · · · , x 4 } = ∅. Let G ′ be the graph obtained by removing the vertices {C 1 , · · · , C r , C m 1 ,k 1 , · · · , C mt,kt , z, x 1 , · · · , x 4 }, V (P i )s. Then by the induction hypothesis, there exists a double Roman dominating function f
Subcase 7.4. Let m ∈ {5} and the vertex z is adjacent to two maximal paths P 1 = x 1 , · · · , x k , P 2 = y 1 , · · · , y k ′ , {x k c, y k ′ c} ⊆ E(G) where c ∈ A. Assume that G ′ is the graph obtained by removing the vertices x 1 · · · x k , y 1 · · · y k ′ and joining z to c and every vertex x in N (z) − {x 1 , y 1 }. Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12(n−(k+k ′ )) 11 . Then f can be extended to a DRDF of G of weight at most ω(f ) + (k + k ′ ). Thus γ dR (G) ≤ 12(n − (k + k ′ )) 11 + (k + k ′ ) ≤ 12n 11 .
Subcase 7.5. Let m ∈ {5} and the z is adjacent to maximal paths P i where i ≥ 2, P i s have no common vertex except in z. Let |C 5 ∪ i V (P i )| ≤ 10. Assume that G ′ is the graph obtained by removing the vertices V (P l ) = x 1 , · · · , x k where z is adjacent to P l . Then by the induction hypothesis, there exists a double Roman dominating function f of G ′ such that ω(f ) ≤ 12(n−k) 11 . we assume that f (z) = 3. Then f can be extended to a DRDF of G of weight at most ω(f ) + k. Thus γ dR (G) ≤ 12(n − k) 11 + k ≤ 12n 11 .
If |C 5 ∪ i V (P i )| ≥ 11. Assume that G ′ is the graph obtained by removing the vertices {z, For equality, let H be a graph obtained from two cycles of C 5 , adding a new vertex w and joining w to exactly one vertex of each C 5 . For any graph G, let G H be the graph obtained from G by adding |V (G)| copies H 1 , · · · , H |V (G)| of H, identifying w i with the ith vertex of G. This bound is sharp for C 11 , G H . γ dR (G H ) = 12n 11 , γ dR (C 11 ) = 12 = 12n 11 . This completes the proof.
Finally we prove the conjecture from paper [11] .
Theorem 9. Let G be a simple graph of order n with minimum degree two different from C 5 and C 7 . Then γ dR (G) = 11n 10 or 11n 10 if and only if G ∈ G.
Proof. Let G ∈ G. Then by Proposition D, γ dR (G) = 11n 10 . Now let G / ∈ G. The proof is by induction on n. If n ≤ 13, then it is easy to check that γ dR (G) = 11n 10 . Suppose n ≥ 14 and the result holds for all graph G / ∈ G of order less than n with minimum degree two different C 5 and C 7 . Let G / ∈ G be a graph of order n ≥ 14 with minimum degree two different from C 5 and C 7 . If G ∈ E, then by Theorem 8, γ dR (G) = 11n 10 . Now we assume that G has an induced subgraph Q with u ∈ V (Q) and u ∈ A such that u is adjacent to c i ∈ A where i ≥ 1. Suppose G ′ is the graph obtained by removing the vertices V (Q) and joining c 1 to every c i where is not adjacent to c 1 . Let f be a γ dR (G ′ )-function. Then clearly, G ′ / ∈ G and by induction hypothesis, ω(f ) = 11(n−10)
10
. Then f can be extended to a DRDF of G ω(f ) + 11 and thus γ dR (G) = ω(f ) + 11 = 11(n − 10) 10 + 11 = 11n 10 .
